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ABSTRACT 

An i t e r a t ive  method f o r  determining bound-state e igenvalues  and 

The method p r o p e r t i e s  of t h e  r a d i a l  Schrgdinger equat ion is  appra i sed .  

stems from i t e r a t i n g  t h e  i n t e g r a l  equa t ion  

where T and V are t h e  k i n e t i c  and p o t e n t f a l  energy o p e r a t o r s .  The 

b a s i c  theory is  b r i e f l y  reviewed, and c a l c u l a t i o n s  are performed f o r  t h e  

Coulomb and Screened Coulomb p o t e n t i a l s .  The lowest t h r e e  n-eigenvalues 

t o g e t h e r  w i th  expected va lues  of (Yr>-I9 Y r  and (Yr) are obtained 

from a s i n g l e  i t e r a t e d  e igen func t ion  sequence. Convergence is r a p i d  f o r  

I 
2 

eigenvalues  b u t  slow f o r  expected va lues .  There is some s e n s i t i v i t y  t o  

t h e  cho ice  of numerical  i n t e g r a t i o n  formula. Regarded as a numerical  
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method, t h i s  approach may b e  most compet i t ive f o r  t h e  de t e rmina t ion  of 

zero-energy p o t e n t i a l - s t r e n g t h  eigenvalues .  Its disadvantages are 

l i s t e d .  

A n a l y t i c a l  improvements t o  e igen func t ions  can b e  easier t o  o b t a i n  

by i t e r a t i o n  than  by p e r t u r b a t i o n ,  and some success  has  been achieved. 

A simple example sugges t s  t h a t  t h e  r a t e  of convergence of an i t e r a t e d  

e igen func t ion  sequence is less than  t h a t  of a r e l a t e d  p e r t u r b a t i o n  

sequence u n l e s s  t h e  cho ice  of s t a r t i n g  f u n c t i o n  i s  bad. 
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I. INTRODUCTLON 

I n  t h i s  paper  w e  r e p o r t  on t h e  u t i l i t y  of an  i t e r a t i v e  method f o r  

c a l c u l a t i n g  bound-state e igenvalues  and p r o p e r t i e s  a s s o c i a t e d  w i t h  t h e  

r a d i a l  S c h r g d h g e r  equa t ion  

where 

is t h e  k i n e t i c  energy o p e r a t o r ,  V ( r >  i s  t h e  p o t e n t i a l  energy, and +(r) 

is t h e  r -mul t ip l i ed  r a d i a l  wave func t ion .  The method is based on an  

in t eg ra l - equa t ion  e q u i v a l e n t  of (l), namely 

which is formulated us ing  t h e  bound-state f r e e - p a r t i c l e  Green's 

o p e r a t o r  (T f W 2 ) - l  w i t h  k e r n e l  

The a l t e r n a t i v e  form (3) of t h e  Sichr'ddinger equa t ion  has  been c a l l e d  

t h e  con juga te  e igenva lue  equat ion.  When y is  regarded as a f i x e d  para-  

meter, equa t ion  (3) g i v e s  rise n a t u r a l l y  t o  e igenvalues  and eigen- 

f u n c t i o n s  f o r  t h e  p o t e n t i a l  s t r e n g t h  

procedures)  i t  i s  p o s s i b l e  t o  relate them t o  energy e igenva lues  and 

e igen func t ions  f o r  a p r e s c r i b e d  p . 

p ; o f t e n  (most simply by s c a l i n g  

1 

We employ t h e  i t e ra t ive  sequence $ 1  s p e c i f i e d  by 

k = 091,2,e..9 (5) 
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which u l t i m a t e l y  behaves l i k e  a cons t an t  t i m e s  t h e  e igen func t ion  ' 

of (3)  which corresponds t o  

tude.  I l l u s t r a t i v e  numerical  c a l c u l a t i o n s  are performed f o r  t h e  

Coulomb p o t e n t i a l ,  and a l s o  f o r  t h e  screened Coulomb p o t e n t i a l .  Pro- 

p e r t i e s  of t h e  lowest  t h r e e  e i g e n s t a t e s  are ob ta ined  from a s i n g l e  

i t e ra t ive  sequence. The convergence of expected values  is slow bu t  

s t eady ,  and t h e  convergence of bounding sequences f o r  e igenvalues  is 

rap i d .  

VO 

po(y) ,  t h e  u-eigenvalue of smallest magni- 

Regarded as a numerical  technique,  t h e  i t e r a t i v e  method is ak in  t o  

t h e  power method f o r  f i n d i n g  t h e  e igenva lues  of a matrix. It i s  l i k e l y  

t o  b e  compe t i t i ve  only f o r  t h e  lowest e i g e n s t a t e s ,  and mogt competi t ive 

f o r  zero-energy states where more s o p h i s t i c a t e d  methods 2 9 3  

run i n t o  d i f f i c u l t i e s  because of t h e i r  dependence on t h e  adjustment 

might 

of -y . 
A s  an  a n a l y t i c a l  method of improving approximate wave f u n c t i o n s  

and e s t i m a t i n g  e igenva lues ,  t h i s  i t e ra t ive  approach has enjoyed success  

from t i m e  t o  t i m e .  A c t i v i t y  has  been mainly i n  momentum space where ao 

i n t e g r a l  equa t ion  arises n a t u r a l l y  as t h e  Fourier Transform of t h e  

Schrodinger equa t ion .  4-9 

space '0'11 and r e c e n t l y  cons ide rab le  a t t e n t i o n  h a s  been paid t o  eigen- 

11 
But t h e r e  h a s  been some work i n  coord ina te  

va lue  bounds de r ived  from t h e  conjugate  e igenvalue equat ion 12-16 The 

p resen t  paper i s  concluded w i t h  a s imple  example which sugges t s  t h a t  

t h e  rate of convergence of t h e  sequence {@k\ is  less than  t h a t  of a 

r e l a t e d  p e r t u r b a t i o n  sequence un le s s  t h e  cho ice  of 4 i s  a bad one. 

However, a n a l y t i c a l  improvements t o  wave f u n c t i o n s  are i n  p r i n c i p l e  

easier t o  o b t a i n  by i t e r a t i o n  than by p e r t u r b a t i o n .  

0 
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11. GENEEUL THEORY 

The theory is c l ea r - cu t  when t h e  o p e r a t o r  (-V) i s  p o s i t i v e - d e f i n i t e ,  

t hus  admi t t i ng  a squa re  r o o t ,  and given t h a t  t h e  ope ra to r  

is a Hilbert-Schmidt o p e r a t o r  ( i . e .  K has  f i n i t e  double-norm) . 
Equation (3) may then  b e  w r i t t e n  as 

and t h e  s t a n d a r d  Hilbert-Schmidt theory of i n t e g r a l  equa t ions  in& 

voked. ‘The p o t e n t i a l - s t r e n g t h  ~ . l  has a d i s c r e t e  spectrum 

whose members can b e  arranged i n  ascending o r d e r  of magnitude 

( I n  g e n e r a l  t h e r e  could b e  some e q u a l i t i e s  h e r e ,  b u t  n o t  f o r  a one- 

dimensional r a d i a l  problem. ) I f  qn) are t h e  corresponding eigen-  

f u n c t i o n s ,  orthonormalized s o  t h a t  

nm ’ d r  = 6 

t hen  i t  follows from t h e  Hilbert-Schmidt theorem t h a t  

( 9 )  

h 
h -4 

where 

and t h e  i n i t i a l  f u n c t i o n  $o need .not ‘ n e c e s s a r i l y  b e  i n  t h e  domain 
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{'k } {qn\. Assuming t h a t  a is not: ze ro ,  t h e  sequence 
0 spanned by 

u l t i m a t e l y  behaves l f k e  a cons t an t  t i m e s  qo,  and ( i f  a1 i s  a l s o  non- 

zero) t h e  r a t e  of convergence is governed by t h e  r a t i o  Thus 

i f  A(r)  is an o p e r a t o r  of i n t e r e s t  and 

t h e  sequaence w i l l  tend t o  t h e  expected v a l u e  o f  

bound s ta te  which i s  s p e c i f i e d  by the parameter va lues  Po and Y 0 

19 It can a l s o  be shown t h a t  

A > B  > A  > B  0 -  0 -  3 -  1 

where 

= I 7  f v  *k kk h,k+1 

and 

o(5 
n 

) 

d r  a 

Bk = v k,k+l  fVk+l,k+l 

The sequences (Ak\  and [Bk} a c t u a l l y  have l i m i t - p o i n t  /uo 9 and 

t h e i r  rate of convergence i s  governed by t h e  r a t i o  (po f l - l l )  

I f  a (bu t  n o t  a ) happens t o  b e  ze ro ,  t hen  $k tends t o  a 0 1 

I f  1 "  cons tan t  t i m e s  

po is  known? then  t h e  sequence de f ined  by 

q1 , and w e  o b t a i n  bounding sequences f o r  1-1 

nB 

'k '0 +k+l - 'k 

Iv 
always h a s  a zero a. s i n c e  



and from equa t ions  (3) f o r  $o and (5) w i t h  k=O t h e  terms on t h e  r i g h t  

of (17) are seen  t o  cance l .  S i m i l a r l y  i f  

7=5 9 w 
then a. and al are ze ro  and $k tends t o  a cons t an t  t i m e s  k2 9 

and s o  on. 

problems b;. Temple 20-22 and Bicklay.22 

These i d e a s  w e r e  f i r s t  developed and app l i ed  t o  v i b r a t i o n  

I n  t h e  event  t h a t  t h e  powers of 

t h e  dominant e igenva lue  make $ t o o  s m a l l  as k i n c r e a s e s  ( so  t h a t  

accuracy i s  l o s t ) ,  powers of an a p p r o p r i a t e  scale f a c t o r  can b e  i n t r o -  

duced. We can work w i t h  $kP , $k Q ~e t c . ,  when P Q are very 

k 

-k -k 

rough estimates of p 0' 1-ll etc* 

C e r t a i n  r e l a x a t i o n s  of t h e  Hilbert-Schmidt cond i t ion  on K are 

p 0 s s i b l e 2 ~ ;  as f a r  as po and $o are concerned, t h e  method i s  no t  

l i k e l y  t o  b e  a f f e c t e d  by t h e  presence of a continuum a t  t h e  upper end of 

t h e  '-spectrum. I f  t h e  ope ra to r  (-V) i s  i n d e f i n i t e ,  equat ion ( 3 )  must 

b e  t r e a t e d  i n  t h e  form 

-V)(T + %y2)-l (-V 

The o p e r a t o r  on t h e  r i g h t  of (19) is p o s i t i v e - d e f i n i t e  and s e l f - a d j o i n t ,  

b u t  t h e  s i g n s  of t h e  eigenvalues  are now u n c e r t a i n  and n e g a t i v e  eigen- 

va lues  may w e l l  n o t  b e  p h y s i c a l l y  r e l e v a n t .  The i n e q u a l i t i e s  (8) and 

(12)  are rep laced  by 19 

and 
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Nothing can b e  s a i d  h e r e  about t h e  sequence ( I%l) .  
Whenever € o r  a given v a l u e  of  1-1 t h e  q u a n t i t y  -3iy2 is  a d i s c r e t e  

energy which i s  n o t  embedded i n  a continuum, p h y s i c a l  cons ide ra t ions  

i n d i c a t e  t h a t  t h e  e n t i r e  p-spectrum i s  d i s c r e t e  f o r  t h a t  v a l u e  of y . 

111. SCREENED COULOMB POTENTIAL 

The n e g a t i v e  screened Coulomb p o t e n t i a l  has  been s t u d i e d  i n  con- 

n e c t i o n  wi th  t h e  deuteron7-' hydrogen plasmas24, s c a t t e r i n g  t h e o r i e s  25 

and has  r e c e n t l y  been t h e  s u b j e c t  of a p e r t u r b a t i o n  t reatment26.  L e t  

P L O  4 (22) 
-1 V(r) = -r exp(-Pr) ,  

Then t h e  double-norm of K i s ,  from ( 4 1 ,  ( 6 ) ,  and (221, 
w z  

( r r  ' -lexp [-P (r*r ' ) 1 exp [-y I r-r ' I 1 -exp [-y ( r+ r  ' ) 3 d r  d r  ' 

( 23) 

which s a t i s f i e s  t h e  r e l a t i o n s  

and is  thus  f i n i t e  u n l e s s  bo th  P and y are zero.  Hence K i s  Hilber&-Scl"Lmld6.. 

Remembering t h a t  $(r) is  r -mul t ip l i ed ,  w e  set  

k = 0, 1, 2, ... 4k = r k 3  

s o  t h a t  equa t ion  (5) becomes 
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a t  zero r I f  y is  zero (corresponding t o  zero-energy bound s t a t e s ) ,  

equa t ion  (27) s i m p l i f i e s  t o  

Whenever s u i t a b l e ,  equat ions (27) and (28) can b e  r e c a s t  i n  terms of 

a v a r i a b l e  ( y r ) ;  l i k e w i s e  equat ion (29) i n  terms of ( P r ) .  

I V .  NUMERICAL RESULTS 

I l l u s t r a t i v e  c a l c u l a t i o n s  of i t e ra t ive  sequences f o r  e igenvalues  

(pn/y) and expected va lues  of (yr)-', yr and ( y r l 2  were performed 

f o r  t h e  Coulomb p o t e n t i a l  (Table 1 )  and a l s o  f o r  t h e  screened Coulomb 

p o t e n t i a l  w i th  y = 0.3136 (Table 2 ) .  This p a r t i c u l a r  r a t i o  w a s  used 

by Goldstein and S a l p e t e r 8  f o r  a deuteron model; they found an est imated 

va lue  of 3.797 f o r  (p0/y) i n  comparison w i t h  our  3.91790. I n  Table 3 

appear t h e  eigenvalue sequences f o r  t h e  zero-energy screened Coulomb 

p o t e n t i a l .  Here our  va lues  of (211 /@) f o r  t h e  lowest t h r e e  states are n 

1.68374, 6.5066 and about 14.6. 

v a l u e s  1 . 7 4 ,  7.14 and 13.33 by a v a r i a t i o n a l  method, and t h e  d i r e c t l y -  

c a l c u l a t e d  v a l u e  f o r  (2U0/6) of 1.683 by Sachs and G ~ e p p e r t - M a y e r ~ ~  is  

s t i l l  quoted i n  t h e  more r e c e n t  l i t e r a t u r e  25'28. 

Gilda Harris24 has obtained approximate 

(Expected vulues  of 

powers of r are n o t  relevant f o r  t h i s  la t ter  system.) - 

A t y p i c a l  i t e r a t i o n  i n t e g r a l  l i k e  (27) w a s  r ep laced  by t h e  

d i s c r e t e  approximation 
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Table 1. Hydrogenic States; 6 = 0 

k 

n=O 2 

5 

8 

11 

1.6 

Exact 

n=1 2 

5 

8 

11 

16 

* Exact 

13-2 2 

5 

8 

11 

Exact 

n=3 2 

5 

8 

Exact 

(vnfv>, K (y&> <: y r  > 

1.02058 1 I) 21845 1. 23336 

1.00031 1,02174 1.46395 

10 00000 0 99978 1.49538 

1.00000 0 0 99709 1.49943 

1.00000 0.99669 1.49999 

1 1 1.5 

2.04856 0 65904 2 51028 

2 e 00418 0 a 53968 2 a 84926 

2.00036 0.51011 2.95426 

2 a 00003 0.50179 2 e 98630 

2.00000 0 49877 2.99821 

2 0.5 3 

3.08672 0.47910 3 * 69947 

3.01531 0 38479 4 15840 

3.00268 0.35286 4.35433 

3.00079 0.34032 4,43927 

3 0 e 33333 4.5 

4.13443 0.39205 4,80296 

4.03504 0.30827 5.40391 

4.00214 0,27294 5.72726 

4 0.25 6 

2 04225 

2.85934 

2.98162 

2.99369 

2.99995 

3 

7 50855 

9 a 52412 

10.20061 

10.41303 

10 e 49287 

10.5 

27.6378 

33 7558 

37 2586 

40.5 

16 e 2225 

19 9559: 

21.6771 

22 4466 

23 
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n=O 

n= 1 

n=2 

n= 3 

Table  2. Screened Coulomb P o t e n t i a l :  y = 0.3138 

k 

2 

5 

8 

11 

16 

2 

5 

8 

11 

2 

4 

6 

7 

2 

4 

6 

( P n W  $. 

3 a 96021 

3 91771 

3.91770 

3.91770 

3.91770 

14.9319 

14.1578 

1 4  2538 

14.1538 

37.367 

33.497 

33.281 

33.266 

78,8 

66.7 

63.4 

(Try1, 

2.09677 

2.31556 

2,31973 

2 31982 

2.31982 

1.23822 

1.47790 

1.49632 

I. 49768 

0.92969 

1.10295 

1.15282 

1.16213 

0.773 

0.909 

0 944 

< yr: > 

0 e 78233 

0 73404 

0 73328 

0,93327 

0 e 73327 

1.08014 

0.97406 

0 96807 

0.96761 

1.30628 

1.17606 

1.14950 

1.14524 

1.492 

1.344 

1.308 

2> 

0 e 90407 

0 82038 

0.81916 

0 81913 

0 81913 

1.47862 

1 24966 

1.23784 

1.23694 

2 e 02770 

1.69953 

1.63902 

1.62963 

2 II 550 

2 ., 132 

2 036 
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Table 3. Screened Coulomb Eigenvalues  a t  Zero Energy: y = o  

k ( 21Jo /a>+ (2lJ,/P>* ( 21J2/8)+ (2u3 f a>, 

2 1.75493 6.6309 15 3334 28.698 

4 1.68406 6 5112 14.6989 28.609 

6 1.68374 6 5068 14  6420 26.424 

7 1,68374 6 5066 14.6235 - - -  

8 1.68374 6.5066 - - -  - - -  

- - -  - - -  - - -  16 1.68374 
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(30) 3 

where x = y r  and ( x .  ,w.) are t h e  p o i n t s  and weights  of t h e  numerical  

i n t e g r a t i o n  formula. The same i n t e g r a t i o n  formula was used t o  e v a l u a t e  

a l l  t h e  i n t e g r a l s  i n  a s i n g l e  program, thus  sav ing  a f a c t o r  of about a 

hundred i n  t i m e .  The p a r t i c u l a r  formula used t o  g ive  t h e  r e s u l t s  i n  

Tables 1-3 was a t r a p e z o i d a l  r u l e  w i th  LOO e q u a l  i n t e r v a l s  from 0.0 t o  

10.0,  combined wi th  a 19-point Gauss-Laguerre quadra tu re  formula from 

10.0 t o  a. The t r a p e z o i d a l  r u l e  w a s  chosen becuase t h e  d i s c o n t i n u i t y  

i n  t h e  s l o p e  of t h e  kernels should have no e f f e c t  on i t .  

x = 10.0 t h e r e  i s  l i t t l e  c o n t r i b u t i o n  t o  t h e  i n t e g r a l  and d i f f e r e n t  

means used t o  i n t e g r a t e  t h e  t a i l  of t h e  in t eg rand  gave similar r e s u l t s .  

I n  each case t h e  s t a r t i n g  f u n c t i o n  was eo = exp(-3x/2), b u t  t h e  itera- 

t f o n  is  i n s e n s i t i v e  t o  choice of s t a r t i n g  func t ion .  A f t e r  one o r  two 

J J  

Beyond 

c y c l e s ,  similar r e s u l t s  were ob ta ined  w i t h  f o r  exampLe eo = 1. 

S i x t e e n  i t e r a t i o n s  were performed, and t h e  bounding sequences 

given by (14) were s t a b l e  through e i g h t  f i g u r e s  a f t e r  t%\ and i B k 4  

twelve i t e r a t i o n s .  

(designated by (11 /y) and (2Vn/6)+) s i n c e  % LBk and only some o f  

t h e  k-values are shown t o  save space.  Appropriate  { L ~ ?  sequences are 

a l s o  given. Only a s i n g l e  sequence [ ek\ w a s  c a l c u l a t e d  f o r  each of 

t h e  t h r e e  systems,  and sequences s u i t a b l e  f o r  t h e  nex t  h i g h e s t  states 

were deduced from i t ,  as i n d i c a t e d  i n  equat ions (16) and (18). Although 

t h i s  method of f i n d i n g  sub-dominant e igenvalues  i s  h igh ly  s u b j e c t  t o  

round-off e r r o r s ,  t h e  c a l c u l a t i o n s  were s t a b l e  thorugh 1 6 ,  11, and 8 

i t e r a t i o n s  f o r  t h e  n e x t  t h r e e  hydrogenic s t a t e s ,  and through r a t h e r  less 

Only t h e  sequence [ Bk} is  quoted i n  t h e  t a b l e s ,  

n +  



12 

i t e r a t i o n s  f o r  t h e  o t h e r  systems ( t h e  h i g h e s t  k-value shown is t h e  las t  

s t a b l e  one f o r  n = 1, 2, 3 ) .  Better accuracy could of course be ob- 

t a i n e d  f o r  n > 0 i f  a f r e s h  i t e ra t ive  sequence were generated f o r  each 

state,  w i t h  renorrnel izat ion a t  a p p r o p r i a t e  s t a g e s .  But such ref inements  

consume more machine t i m e ,  and were f e l t  t o  be u n j u s t i f i e d  i n  t h e  

p re sen t  context .  The c a l c u l a t i o n s  were run  i n  FORTRAN on a CDC 3600 

computer i n  s i n g l e  p r e c i s i o n  a r i t h m e t i c  which i s  good t o  about 10 s i g -  

n i f i c a n t  f i g u r e s ,  and t h e  average running t i m e  i nc lud ing  compilat ion 

w a s  about 40 seconds. 

I n  an  a t t empt  t o  improve t h e  expected v a l u e  of (yr)-' f o r  hydrogen (whicli . 

f o r  n-0 is 0.3% t o o  low),  an a l t e r n a t i v e  i n t e g r a t i o n  formula w a s  Cried 

wi th  40 equa l  i n t e r v a l s  i n  0.0 t o  2.0,  80 i n t e r v a l s  i n  2.0 t o  10.0 and 

t h e  s a m e  19-posint Gauss-Laguerre formula p a s t  10.0. The main e f f e c t  of 

t h i s  change was t o  lower t h e  e igenva lue  r e s u l t s  i n  about t h e  f o u r t h  

s i g n i f i c a n t  f i g u r e ,  b u t  t h e  (yr)-' values were improved s l i g h t l y .  This  

f a c t 9  combined wi th  t h e  s t a b l e  convergence of t h e  eigenvalue sequence with 

each formula; would seem t o  i n d i c a t e  t h a t  t h e  i t e r a t ive  method i s  

somewhat s e n s i t i v e  t o  t h e  p a r t i c u l a r  i n t e g r a t i o n  formula i n  use.  Because 

of t h e  e x c e l l e n t  r e s u l t s  f o r  t h e  f i r s t  two hydrogenic e igenva lues ,  w e  

p u t  ou r  f a i t h  i n  t h e  t r a p e z o i d a l  r u l e  w i t h  equa l  intervals from 0.0 t o  10,O. 
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V *  COMPARISON WITH PERTURBATION THEORY 

A s  a s imple example l e t  u s  consider  t h e  hydrogenic ground s ta te  

where uo = 1, y = 1 and = r exp(-r)  (no t  normalized) .  The ove r l ap  

of (= rek) wi th  r exp(-r)  is 

( r )  exp(-r)  r 2 d r  

I f  w e  a l s o  d e f i n e  

Ck = f i k ( r )  exp(-r)  r d r  

t hen  i t  fol lows from (27) wi th  f3 = 0 ,  y = 1 t h a t  

Ck = co ( independent ly  of k ) 

and 

-k Sk = co 4- (So- C 0 ) 2  

( 3 3 )  

( 3 4 )  

The rate of convergence of  t h e  ove r l ap  i n t e g r a l  

f / 2  ( t h e  v a l u e  of pQ/ul) 

f unc t i on 

Sk is thus  e x a c t l y  

and t h i s  i s  independent of t h e  i n i t i a l  t r i a l  

If w e  t a k e  

as t h e  unperturbed wave f u n c t i o n  f o r  a Rayleigh-Schrodinger p e r t u r b a t i o n  

expansion, t h e  p e r t u r b a t i o n  i s  (a-I)/r 

methods29 t o  determine xk 
k i n  t h e  p e r t u r b a t i o n .  For comparison wi th  Bk , t h e  no rma l i za t ion  

is arranged s o  t h a t  

and i t  i s  p o s s i b l e  by s t a n d a r d  

t h e  wave f u n c t i o n  c o r r e c t e d  through o r d e r  



1 4  

fl 
( independent ly  of k ) , ( 3 6 )  Ck' = bk exp(-r)  r d r  = C 0 

and t h e  consequent ove r l ap  i n t e g r a l  

Sk' = Xk exp(-r)  r2 d r  fW 
J Q  

has t h e  v a l u e  

Skt = Go -. 

Thus judging by 

apprbach do t h e  

(37 )  

t h e  ove r l ap  i n t e g r a l s  Sk ahd S k ' ,  t h e  pe r tu rbab ion  

t r u e  e igen func t ion  converges more r a p i d l y  than  does 

t h e  i terahive approach whenever 

Since a=l g ives  t h e  t r u e  e i g e n f u n t t i o n ,  t h e  i t e ra t ive  approach is  

only s u p e r i o r  when a bad i n i t i a l  t r i a l  fttn&ion is chosen. 

Q u a l i t a t i v e l y  one might expect  a p e r t u r b a t i o n  t reatment  t o  b e  

b e t t e r ;  i d e a l l y  such a t r ea tmen t  i nvo lves  c o r r e c t i o n s  r e s u l t i n g  from a 

small p e r t u r b a t i o n  t o  t h e  p o t e n t i a l ,  whereas i n  t h e  i t e ra t ive  approach 

-1 c o r r e c t i o n s  are generated by t h e  o p e r a t o r  (T 9 b2) (-V),  i nvo lv ing  t h e  

whole p o t e n t i a l .  However t h e  s i n g l e  quadra tu re  r e q u i r e d  f o r  an i t e r a t ive  

c o r r e c t i o n  t o  a wave f u n c t i o n  is i n  p r i n c i p l e  easier t o  c a r r y  a u t  

a n a l y t i c a l l y  than  t h e  double quadra tu re  r e q u i r e d  f o r  a f i r s t - o r d e r  
29 

pe r tu rbed  wave f u n c t i o n  . Thus i n  some cases i t  may b e  p o s s i b l e  t o  

improve a wave f u n c t i o n  a n a l y t i c a l l y  by i t e r a t i o n  b u t  n o t  by p e r t u r b a t i o n ,  

It has been po in ted  out" t h a t  t h e  f i r s t  i t e r a t e d  improvement t o  a hydro- 

g e n i c  Is f u n c t i o n  is a so -ca l l ed  O s  f unc t ion .  
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V I .  CONCLUDING REMARKS 

As a numerical  t o o l ,  t h i s  i t e ra t ive  method i s  conceptual ly  very 

s imple b u t  i t  h a s  shortcomings.  These are: 

(i) t h e  d i f f i c u l t i e s  w i th  t h e  b a s i c  theory i f  K i s  no t  H i l b e r t -  

Schmidt ; 

( i i )  t h e  slow convergence of expected-value sequences;  

(iii) t h e  d i f f i c u l t i e s  i n  dea l ing  wi th  sub-dominant-eigenvalues; 

( i v )  t h e  s e n s i t i v i t y  of r e s u l t s  t o  i n t e g r a t i o n  formulas;  

(v) t h e  p o s s i b l e  d i f f i c u l t i e s  i n  r e l a t i n g  t h e  two d i f f e r e n t  types 

of e igenvalue equa t ions .  

Perhaps t h e s e  h e l p  t o  e x p l a i n  i t s  relative l a c k  of p o p u l a r i t y .  

method may w e l l  b e  seen  t o  b e s t  advantage i n  t h e  c a l c u l a t i o n  of zero- 

energy p o t e n t i a l - s t r e n g t h  e igenva lues ,  which are u s e f u l  i n  determing t h e  

number of bound states admit ted by a given p o t e n t i a l  . 

The 

1 

A s  an a n a l y t i c a l  method, t h e  approach has  enjoyed some success  

devolving from i ts  simple Green's o p e r a t o r .  

when p e r t u r b a t i o n  theory f a i l s .  

It may b e  u s e f u l  occas iona l ly  

Equation (1) which w e  considered w a s  f o r  s-states. For states w i t h  

h i g h e r  o r b i t a l  angu la r  momentum, one can e i t h e r  work w i t h  t h e  o p e r a t o r  

which h a s  k e r n e l  

are t h e  modified s p h e r i c a l  Bessel f u n c t i o n s ,  o r  where IR+L6 and KR+LL 
-2 a l t e r n a t i v e l y  t h e  r might b e  absorbed i n t o  t h e  p o t e n t i a l .  



16 

l A  
If t h e  Schrodinger equat ion is  many-dimensional and non-separable 

t h e  d i f f i c u l t i e s  mount. But some a n a l y t i c a l  p rog res s  h a s  been made f o r  

He and H2 ' 596y15, and t h e  numerical  approach may w e l l  be f e a s i b l e ,  

c e r t a i n l y  i n  two dimensions. The f r e e - p a r t i c l e  Green's f u n c t i o n  i n  

n-dimensions is  known . 30 

Methods which combine f e a t u r e s  of t h e  two types of e igenvalue 

11 31 equat ion (1) and (3) have been suggested 
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